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Note that the same result could have been obtained by applying the formulae and theorems
derived from the foregoing general analysis.

REFERENCES

1. PAINLEVE P., Lecons sur le Frottement, Gostekhizdat, Moscow, 1954.

2. LECORNU L., Sur la loi de Coulomb. C.R. Adad. Sci., 140, 1905.

3. KLEIN F., Zur Painlevés Kritik der Coulombschen Reibungsgesetze. Z. Math. Phys., 58, 1910.

4. PFEIFFER F., Zur Frage der sogenannten Coulombschen Reibungsgesetze. Z. Math. Phys., 58,
1910.

5. BUTENIN N.V., Investigation of "degenerate" dynamic systems with the aid of the jump hypo-
thesis. Prikl. Mat. Mekh., 12, 1, 1948.

6. IVANOV A.V., On the well-posedness of the fundamental problem of dynamics in systems with
friction. Prikl. Mat. Mekh., 50, 5, 1986.

7. LUR'YE A.I., Analytical Mechanics, Fizmatgiz, Moscow, 1961.

Translated by D.L.

PMM U.S.S.R.,V0l1.54,No.4,pp. 438-444,1990 0021-8928/90 $10.00+0.00
Printed in Great Britain © 1991 Pergamon Press plc

SEPARATION OF MOTIONS IN NON-LINEAR OSCILLATORY SYSTEMS
WITH RANDOM PERTURBATIONS®

A.S. KOVALEVA

An asymptotic procedure is developed for the separation of motions in
non-linear stochastic systems which are reducible to standard form with
rotating phase. It is shown that the slowly varying component of the
motion can be approximated by a diffusion process. An example of a body
moving in a periodic force field under the action of random disturbances
is studied.

Previous publications /1-3/ have investigated the dynamics of randomly perturbed systems
which are reducible to standard form

r=eF(z, 5 @)+ &6 (2,§(®), 2(0) =a= Ry ©0.1)

Here t () is a stochastic process with values in R;, and & is a small parameter. It was
proved that if the coefficients of the system satisfy certain conditions (the most general
statement of which may be found in /3/), the solution z( ¢ of system (0.1) is weakly con-
vergent /4/ to a diffusion process =z, (1) - the solution of the stochastic differential

equation
dxy = b (zo)d1 -} 0 (z4)dw, 24 (0) = a; T = €2t (0.2)

where w(t) is an l-dimensional standard Wiener process, and the coefficients b and ¢ are
evaluated by averaging certain moment characteristics of the coefficients of system (0.1).
In other words, one can identify a "slow" diffusion component in the motion of system (0.1),
upon which small (in the weak sense) and rapid perturbations are superimposed. Considerable
efforts have been made in the literature to justify the passage to the limit from (0.1) to
(0.2); a detailed bibliography may be found in /3/. Applications of this approach to some
problems of stochastic dynamics in non-linear oscillatory systems are discussed in /5, 6/.
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1. We shall obtain results analogous to those presented in /3/ for systems whose dynamics
are described by the equations

2 =eF(z,0,E(0) +eG(x, 0,20 =ec= R, (1.1)
0 =aw (@) +eH (2,0, 5(0) +-eD (2, 8), 00 =0= R,

To construct the solution we shall employ the asymptotic procedure of diffusion approxi-
mations /7/, developed in /3/ for analysing systems of type (0.1l).

We recall the necessary definitions from /7/. Let f (i) be a stochastic process with
values in R,, defined in a probability space /8/ (for brevity we shall indicate the dependence
of f on time only). Now let M. () be the conditional expectation of the process @
given s<(t /8/. It iI's assumed that f(¢) 1is right continuous, vanishes outside some
finite interval t< [0, 7] and sup, M|/ (f)| < >. If f(f) has these properties, we write
(@)= 0.

We now introduce the operator L° and its domain of definition D (L#) /7/. We shall
say that fe& D (Lf) and Lff =g, if f ge= @ and

Lim M| 87 [Mef (1 -+ 8) — f (5)] — g (1) | = 0 (1.2)
804 !
From (1.2) it follows that /3, 7/

T+0

Mf v+ 8)—f ()= § McL® () du .3y

T

In particular, if f(1) =f (% (1)), where =z, (r) is a solution of some perturbed system,
then formula (1.3) indicates a way of calculating the functional M.f (z. (t + 8)) on paths of
the system. If f(t) = f(z, (7)), where =z,(1) is a solution of Eq.(0.2), then /3, 7, 8/

e Ll=b@) e+ 5T A@) g, A=oo (1.4)
48

Mef (20 (v + 8) — F(ra (1) = § MeLf (2, () dw (1.5)

T

Relations (1.3) and (1.5) indicate a way of calculating and comparing the functionals on
the paths of the perturbed and diffusion systems. As shown in /7/, if, given any sufficiently
smooth function f(z) of compact support, one can find a function f (1) such that

lim M| fe (t) — f(z. (1)) | = 0 (1.6).
g0

lim M| Lffe (1) — Lf (e (x)) | = 0, ©<[0, T]

and for e (0, gl, TE [0, T1 the sequence (1) is weakly compact /4/, then the process
ze (T) converges weakly as &— 0 to the diffusion process z,(t) with 29 (0) = 2 (0) = a.
Different constructions of approximating operators L have been proposed /1-3/ for systems

of type (0.1). Using the technique of /3/, we shall construct a suitable operator for a
system of type (1.1).

2. Henceforth we assume that o (z) > 0q >0, MF (z, 0, § (8)) = MH (z, 6, £(0)) =0 for
fixed x. Other -estrictions on the coefficients of system (1.1) will be specified as the need
arises.

Put 1 =1¢g2, and let z (¢ &) = 2 (1), O (, e) = 6 (1) be a solution of system (1.1). Define
f(t, z), to be a sufficiently smooth function on paths of system (1.1), vanishing outside
some bounded region D:{zx&S,v< [0, T]}. Let /(1) be a function related to f (1, 2. (1)) by
15 (0) = f (v, 2e) + &fy (1, Ze, ) + €%, (T, 2o, Oe) 2.1)

where zp = Z¢ (7), 8, = 6 (1), with the coefficients f,,f, so chosen as to satisfy {1.6).
Following /3/, we write

Lfe(t) = e (f,/F + ngzh) + gfx + fisF + 16 + HLG, + wlefs) + 2.2)
& (fix + foxF + f1xG + DL¢’f, + HLf,) +
62 (faxG + fax + DLe'fy) + €2 . ...

the prime denotes transposition; function arguments are omitted. The operator L& is
defined by analogy with L°®:
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Léj = lim A [Mof (v, 7, 8 4 A)— £ (1, 7, 0)] 2.3)
Ap

where the arguments 7, z are considered here as fixed parameters.
in the weak sense of (1.2).

Let us construct the function f; in such a way as to make the coefficient of g! vanish
(all equalities are understood in the weak sense). Choose f; in the form

The equality is understood

Htz,0) = o™ (2§, (r, T‘S MoF (x, u, & (1)) du

(2.4)
0
Then, by definition (2.3),
Lot fy(r, 2.8) = 07V f2) £, (t, ) lim {67 Mo § MosoF (x,u, & (u)) du —
504 T 030
§ MoF (2, 1, £ () du |}
8
It follows from the properties of conditional expectations /8/ that
6+6
Lt 2.0) = — o @)1/ (n o lim § MoF (20, B () du =
80, §
— oz} [ (v, 7) £ (z,0,E(8)
i.e., the first term in (2.2) vanishes. The function j, is constructed in such a way that
the second term in (2.2) does not contain secular terms in €. We define
2
fo =02 (x) j}} [, z,8) —8;(z, z 0)] (2.5)
=1
= [MeQ (. 2,0) — MO (x. 2, u)] du, S[Mo, T2, u)— (v, 2)] du
8 b
Q= fo (T, @) + fix (v 7, 0) F (@ wa (@) = f (1,2) +
M5 02 Py (@2 8@ doF (@ B () (2.6)
u
Q2 = £ (v D) — Fy (2, u, E@) H (1, u, E W) + G (2, 1)]
T
0;(1,2) = lim -\ MQ; (v, 7wy du, Fy = o7'F (2.7)
T ¢
It is assumed that the limits (2.7) exist uniformly in 7, z e D.
Substituting {(2.4) and (2.6) into (2.2), we obtain
2
L°f () = fo (1o e) + jgl [@; (v, ze) + &' R; (T, Tes Oc)] (2.8)
Here R,, R, are the coefficients of e,&2 in (2.2). BAll terms on the right of (2.8)
may be treated as operators acting on f (v, z (1)), %o = 7 (1), O = ¢ (7).
Let us change the form of the principal terms of the expansion (2.8). Utilizing the
properties of the conditional expectation /8/, we obtain
i n
0ue, )= lim - 7§ au SM([fx (1, ) Fy (2, 2, E @) F (@ 1, E ()} da
[ u
For sufficiently smooth F, w, we have
~ , 1
Ql (T’ .TI) = Kl (I) fx (T’ I) + R Tr 4 (‘T)fxx (Tv z) (29)

T IS
K, (#) = lim { do GS K (z,0,u)du 2.10)

T—o0



441
T

- 1¢ v
A(z) = lim - dd \ A(z,0,u)du
fnr)o)

K (z, 8, u) = MI[Fy (2, u, § @) F (z, 0, & (0))]
Az 0, u) = MIF (z, u, E @) F' (2, 6, § (9))]

Accordingly,
T

0: () = K3/ (@) (v, @), Ka (@) = Lim - S ME, (1, 7)du @.11)

where K, (1, z) 1is the coefficient of f, in formula (2.6). Thus,

2
L (1) = fo (0, 70) + Lf (T, 2e) + 2 /R (1, 22, Oc) (2.12)
=1
Lt @t 5T A@ o, =K+ K (2.13)
Following /3/, it can be shown that conditions (1.6) will hold if Ml|f(r, z 0)| < oo,

M|R;(v,z,0)|< oo for O8&(—o0, )1,z D,j=1,2. To estimate the relevant terms, we
will specify in more detail the restrictions on the coefficients of the system. We shall
assume throughout the sequel that the following conditions are satisfied: F, H may be expressed

as Fz, 8,5(0) = Fy (z, 0)£(0), H (z, 0, £ (8) = H, (z, 0) & (8) (2.14)

where the random peturbations § () belong to one of two types (Conditions A):

1) t(8) is a stationary right continuous normal Markov process with zero mean;

2) (@) 1is an almost surely bounded stationary process with zero mean, satisfying a
uniformly strong mixing condition /4/ with coefficient ¢ (u) such that

o

S c;p‘/' (w)du < >0

The coefficients U = (F,, H,, G, D, v) satisfy the following conditions (Conditions B):

1) the functions U are bounded and periodic or uniformly quasiperiodic in 8 for 6 & (—oo,
o) uniformly in z & S;

2) the functions U are continuous in x for all z& R, uniformly in 8 & (—o0, oo);

3) the derivatives of the functions U and the second derivatives of the functions F,, o
with respect to & are continuous for & R, and bounded for ze& S uniformly in 8 & (—oo, ®);

4) the limits (2.10), (2.11) exist uniformly in & for =z & S.

Let us clarify Conditions A for the case in which §(6) is a stationary normal process.
Calculating the conditional expectation, we obtain /8/

Mok (u) = % (0 — u) & (8), % (8) = K¢ (8)/K; (0) (2.15)
where K;(0) is the correlation function of the process & (8), and

o

S Ix®Fdd<oo, p>0 (2.16)

0

Substituting (2.14)-(2.16) into (2.4), we obtain M |f, (1, z,08) | < oo. Similar arguments
lead to the conclusion that if Conditions A and B are satisfied, then

M| R; (1, 2,8) | <<oo, M|I;(r,2,0)|<oo,j=1,2 (2.17)

in the region indicated above. Detailed estimates of the conditional expectations may be
found in /3/. An analogous estimate for the deterministic terms

| S (v, 2,0) |<<oo, j=1,2 (2.18):

follows directly from condition 4 and may be constructed in the same way as for deterministic
systems /9/.

Thus, conditions (1.6) are satisfied. Weak compactness of the sequence (1) is proved
using the same arguments as for systems in standard form /3/.

Let ,(t) be a solution of Eq.(0.2) for the operator L defined by (2.9)-(2.13). It
follows from Conditions B that the coefficients of L are continuous and ‘continously
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differentiable with respect to & in any compact set K (C R,. Let us assume additionally that
L is uniformally parabolic /10/ in the region of interest and that the process z,(t) satisfies
the regularity conditions /11/. Then /11/ a unique solution z,(t) of the limiting Eqg.(0.2)
exists. It was proved in /3, 7/ that (1.6) implies that the finite-dimensional distributions
of the processes (1) and z,(1) are convergent and, as a corollary, that z,{v) and z, (1)
are weakly convergent.

For functionals of the type @, = M, ., (ze (1;}) it is convenient to construct a direct
estimate of the proximity of @, to @, = M, .9 (z, (7)), ;&= [0, TL

Let f(t,z) be a solution of the Cauchy problem

djlor + Lf =0, f(v 2) = @ (2) (2.19)

Let ¢(z)=C, be a function with compact support defined for ze& K. If the operator
L has the properties described above,then a solution of problem{2.19)exists and f (t, z) & C,, for
1=10,7],z= K /10/. Since z,(t) is a regular process, one can always choose T and K in
such a way that z,(t)= K for all 017 T ©provided that z,(0) =ea=intK /11/.
Under these conditions, f(t, ) = My . (z (ty)) /8, 11/. .

If the process Z (v) is continuous, a number Tx exists such that z, (1) = K for 0 v < 1x,
z, (0) = a. Consequently, when 0 <{71 < T;<{ 7Tk all the constructions of Sect.2 remain valid.

Let z(t) =a, 6e{1) =0, (z,0) =ye& R,y;. Then, in view of (1.5), (2.1) and (2.12), we
can write

Ma, of (7, 2e (17)) — (T, 2) + &My, yF (T12 ye (T7), €) = (2.20)
't, Tf
§ M. o fu (0 e () + Lf (0, 2 ()] die 4 € § Mo, R (1, 3 (), ) dus

Ye (1) = (z¢ (1), 0 (W) E Ry,

F (T, Y, 8) =f (tv z, 0) + &f, (t, z, e)v R (Ts Y, 8) = Hl (Tv x, e) -
eR, (1, z, 6)

By estimates (2.17) and (2.18).
| M, of (T/v Te (Tf)) —flnr|LelC, +C, (ty — )] (2.21)

where C; >0, C, >0 are constants independent of & At the same time, it follows from (2.19)
that f (15, z (7)) = @ (2 (1;)). Thus,
| M. v (z (Tl)) e Mr, =P (xu (TI)) [<e [CI + Cz (Tf - T)] (2.22)

Putting 1 =0, z = a, we get
[ @ — @y | e (C) + CyD) (2.23)

Using the regularity of z,(t) and Chebyshev's inequality, it can be shown that estimates
(2.22), (2.23) imply regularity for the process . (t) (the proof is carried out along the same
lines as in /11, Chap.3, Sect.4/). Estimate (2.23) remains valid for all finite values of 1.

Remarks. 1. For systems in standard form, one must put & =1t 0= 1. When that is done
formulae (2.9)-(2.11) reduce to standard formulae /1/.

2. All the transformations remain true if the coefficients of the system have the form
F=F(z,0,E0) 4+ F @t £ and so on, where the random perturbations &) and { () are
indepenent. In the expansion (2.1) we must then put =/t (v, 00+ f%(v,z,¢,j=1,2 and con-
struct the functions f* and /2 by the above rules, independently of one another.

3. If the coefficients depend on slow time t=¢%, then all transformations remain true.
In that case T may be considered as an additional slow variable defined by the equation v = e
For systems in standard form the results are identical with those obtained in /2, 3/.

3. Consider the following model example: the motion of a point in a weak force field.
Suppose that the equations of motion, allowing for the comparative smallness of the disturbing
the driving factors, reduce to the form

0 =€ (8) —eleb +E (B0 +efeu () ()] 8(0)=0, (3.1)
0O =7 5>0

or to the analogous form with t (8) replaced by L ().

Here 0 is the coordinate of the point, f(@®) 1is a 2n-periodic function characterizing
the force field, u(t) is a T-periodic function characterizing the external energy source, and
t&,t and 1 are perturbing factors. The perturbation £ () usually denotes the resistance of
the external medium, 7 (!) denotes fluctuations in the damping coefficient in the damping
mechanisms, and 7 () denotes fluctuations in the external load. The different powers of the
small parameters mean that the effects of the deterministic and random factors are taken into
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account to within the same accuracy (see (2.6)).
Let us see how the nature of the scattering of dissipative forces affects the dynamics
of the system. Reducing (3.1) to standard form, we have

o=z 00)=0 (32)
Z = e[t @ z+n @+ lu®)+iO)— b2, 20 =7

Let us assume from now on that

T
f@®d=1, \swd=a J+i=u

0

1
21

cemY

We shall also assume that £(8), () and () are independent stochastic processes
satisfying Conditions A. Since the perturbations are independent, all the arguments of Sect.
2 remain valid, provided that the averaging is performed with respect to the appropriate
argument. For Eqg.(3.2) we have

K@) =0, A(x)=a%(2) 3.3)
LB A
& (e :—21; S 8 \ o (s, 8, u)du +-T—S dt S an (e, t, 5) ds
o Zoo 0 —0
G=ME®IWlz=KO—-uwz ay=MhOnEl=Ky(t—3
@ (2} = ay’ + agzz, ayt = Sn ), a,;2 = Sg ©)

Here K;, K;, K, are the correlation functions and §:, 8, S the spectral densities of the

n e
processes £ 0), n() and ¢{(f), respectively.
Thus, the solution =z (t,2) of Eq.(3.2) is weakly convergent to a solution =, (1) of the
stochastic differential equation
dzg = (uy — bzy) dv + a (x;) dw, 1 = et 3.4y
It follows from (3.4) that the average velocity of the point Mz — Mz, (t) = 0,. Wwhere a,
is a solution of the unperturbed system

dg/dt = up — by, y (0) = ¢ (3.5)
As it turns out, a more significant characteristic is the mean-square value of the
velocity Ma?-»Mzg?(1). The value of the functional @, =M, ,%®(x) is determined by solving

problem (2.19); the coefficients of L are determined by (3.3) and (3.4). After obvious
reduction we obtain

f (0, 2) = Py (6) + P, (0) z + P4 (0) z? 3.8y
Po (0) = —up (2up + ) b8 [(eb® — 1) — 1/, (e?0* — 1)] — Ypa, 8571 (202 — 1),
Py (0) = (uy + a?) b7 (¢4 — ), Py(0) = &, s=0—1

Putting ¢=0 and z=+y, we obtain the mean-square value of the velocity at time
The steady-state mean-square velocity (i.e., at T— o) is
Dy = Ygb7% [uo (2ug + a%) + bay?] B.7y
Strictly speaking, the convergence as t— o must be established on a rigorous basis,
as in systems in standard form /2, 3/; nevertheless, Eq.(3.7) can be used to estimate the
comparative effect of the disturbing factors on the behaviour of the system. Thus, it follows
from (3.6) and (3.7) that the perturbation & (@) does not affect the stability of the system.
Moreover, at u, =0 the perturbation E@®) has no effect whatever on the behaviour of the
system, provided that t is sufficiently large.
Consider system (3.1) with &(8) replaced by { (). Repeating all the previous arguments,
we see that the process 6 =2z is weakly convergent to a solution of the equation
dzg = (ug — Pxo) dv + oy (%) dw, = (0) = v (3.8)
B=0b—a2, af=aqap+ agz?, ol = Sy 0)

Thus, the mean velocity is such that Mz-— e, where o, is a solution of the equation
obtained from (3.5) by replacing b by 8.

The mean-square value of the velocity @, = M, ,z®(t) has the form (3.6). The coefficient
P, P, P, are determined by the formulae

gy 1 ay*

1
Po(U)=zpzTﬁ"[ B (e"‘—i)~’gﬁ(e’“’“—1)] — gy (¥ 1),

2
Py(0)= g (e — ), Py(0) = pi—b—ap, s—a—t
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also depends on a;.

Letting T— 00, We get

o = Y3 (BB (2uo® + Bay?), B>0, B>0

Thus, the system is unstable if b<a¥2. The variance of the velocity at
Consequently, the nature of the scattering of dissipative forces has a

considerable effect on the dynamics of the system.

8.

9.
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THE SELFCONSISTENT PROBLEM OF THE VIBRATIONS OF AN INFINITE STRING LOADED

WITH A MOVING POINT MASS*

L.E. KAPLAN

The problem of the vibrations of a homogeneous infinite string loaded
with a point mass, moving in accordance with an unknown law of motion, is
considered. This is one of the simplest model selfconsistent problems
(SPs) in the dynamics of one-dimensional distributed loaded Lagrangian
systems /1/. A mathematical formulation of the problem is given and the
conditions for the existence and uniqueness of a global solution are
established. An analytical method, which in many cases produces an exact
solution, is presented. As an illustration, the displacement of a point
mass along a vibrating string, set in motion by an impulse communicated
to the mass, is considered. Certain effects related to the reverse
action of the radiation of the moving point mass (braking by the

radiation) are explained.
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